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I Polarized variety: pair (X , L), where

. X is a projective variety of dimension n

. L is an ample line bundle on X .

. assume that X is Q-Gorenstein of index r , i.e. r · KX is Cartier

I adjunction theory: study adjoint linear systems t ·L + 1/t· KX

I two invariants
. nef-value: τ := (sup (c ∈ R | L + c · KX ample ))−1

. unnormalized spectral value: µ := (sup (c ∈ R | L + c · KX big ))−1

=(
effective threshold

)−1
= -

(
Kodeira energy

)
I ( ample =⇒ big ) =⇒ µ ≤ τ
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I nef-value: τ := (sup (c ∈ R | L + c · KX ample ))−1

I unnormalized spectral value: µ := (sup (c ∈ R | L + c · KX big ))−1

L

L+ 1
τ KXL+ 1

µKX
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I general bounds for µ and τ

. τ ,µ ∈ Q

. r · KX Cartier =⇒ τ ≤ r(n + 1). [Kawamata’s Rationality Theorem]

. µ ≤ n + 1 [Beltrametti, Sommese ’95]

(equality only for (X , L) = (P,O(1))

I bounds, if X is non-singular

. τ ≤ n + 1, with equality only if (X , L) = (Pn, O(1))

. Classification for τ > n − 3 [Fujita, Beltrametti/Sommese, . . . ]

I Q-normality conjecture for polarized manifolds:

µ > n+1
2 =⇒ µ = τ ( :⇐⇒ X Q-normal)
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I lattice polytope : P := conv(v1, ... , vk) for vj ∈ Zn.

P = { x | at
i x ≤ bi 1 ≤ i ≤ m } for ai , bi integral

. normal cone at a face F : cone of all linear functionals that take

their minimum at F

. normal fan NF(P): collection of all normal cones
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. P ⊆ Rn lattice polytope, dimP = n

P =
{
x ∈ Rn at

ix ≤ bi , 1 ≤ i ≤ m
}
, ai ∈ Zn primitive, irredundant,

bi ∈ Z

. c ≥ 0
I adjoint polytope P(c) :

points with lattice distance at

least c from each facet.

P(c) =
{
x ∈ Rn at

ix ≤ bi − c , 1 ≤ i ≤ m
}

c = 21
2
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complete polyhedral fan ΣX ⊆ Rn

ray generators ui ∈ Zn
←→
←→

projective toric variety XΣ

torus invariant prime divisors Di

lattice polytope

P := {x ∈ Rd | 〈v , ui〉 ≥ ai}
←→

polarized toric variety

(XP ,OX (
∑
−ai · Di))

0

1

2

2

0
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I nef-value: τ := sup( c > 0 | L + c · KX is ample )−1P(c)

I spectral value: µ := sup( c ≥ 0 | L + c · KX big )−1P(c)

. (X , L) polarized toric variety

. Q-Gorenstein . L ample . Σ associated fan with rays

divisor D on X is ample ←→ NF(PD) = Σ

divisor D on X is big ←→ dim PD = dim X

X Q-Gorenstein ←→ KX Q-Cartier ⇐⇒ τ > 0

I let 0−1 =∞ : =⇒ polyhedral definition does not need Q-Gorenstein

Polyhedral Adjunction Theory ) classical Adjunction Theory
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I combinatorial definition allows efficient computations

I polymake: computations in polyhedral geometry and related fields
. lattice polytopes, toric geometry, tropical geometry, . . .

. fully programmable interface: perl, C++

. symmetric polyhedra, sage integration, GAP/Singular interface

I http://polymake.org

I polymake extension

PolyhedralAdjunction

https://github.com/apaffenholz/polyhedral_adjunction.git

ToricVarieties

https://github.com/lkastner/polymake_toric.git
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. (X , L) polarized toric variety in dimension n

I Theorem

µ ≥ n+2
2 =⇒ morphism π : P(H0⊕H1⊕· · ·⊕Hm) −→ X

Hi : line bundles

on toric variety in dimension≤ 2(n+1−µ)

. µ ≥ n+2
2 ⇐⇒ n > m

I Corollary

µ ≥ n+2
2 =⇒ P has lattice width one

. best possible bound:

X = (P2, O(2)) ; P = 2∆2 , µ = n+1
2
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I Theorem µ ≥ n+2
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I Theorem µ ≥ n+2
2 ⇒ P is a Cayley sum of lattice polytopes in Rm

. let µ ≥ n+2
2 , P =

{
x | at

ix ≤ bi
}

. core of P: core(P) := P(
1
µ
)

. core facet: at
ix+ µ ≤ bi supporting aff core(P)

. Q: polyhedron spanned by core facets

. σ := Q × {1}

. σ∨: cone dual to Q × {1}

. contains the functional u = (0, 1).

. show that u is sum of lattice points in σ

. this is equivalent to P being Cayley [Batyrev, Nill]
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(

k | int(k · P) ∩ Zd 6= ∅
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. codeg P ≤ n + 1 with equality only for a unimodular simplex

I µ ≤ codeg P : int(kP) ∩ Zn ⊆ (kP)(1) = k
(

P(
1
k )
)

I Cayley conjecture

codeg P > n+2
2 ⇒ P has lattice width one [Batyrev, Nill], [. . . ]

. XP smooth and µ = τ [Dickenstein, DiRocco, Piene]

. XP smooth [Dickenstein, Nill]

. here: XP Gorenstein and µ = τ
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. XP ↪−→ P|A|−1 for A := P ∩ Zn projective embedding

I dual variety X∨P :=
{

H ∈ (Pm−1)∗ | H tangent to XP at some x ∈ XP
}

. generically X∨P is a hypersurface

I XP dual defective if dimX∨P if dimX∨P < |A|

I XP dual defective =⇒ µ(P) = τ(P) > n+2
2 [Beltrametti, Fania, Sommese]

I smooth case:

dual defective ⇐⇒ µ(P) > n+2
2 [DiRocco, Dickenstein, Piene]

⇐⇒ codeg P > n+2
2 [Dickenstein, Nill]
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I Theorem: If µ ≥ 3n+4
4 then XA is dual defective

. P Cayley polytope of order m in dimension r > m

=⇒ XP has dual defect r −m [Dickenstein, Feichtner, Sturmfels]

I Question Does µ > n+2
2 suffice?

. P Cayley polytope =⇒ vertices of P are on two parallel hyperplanes

I XA dual defective =⇒ vertices of P are on two parallel hyperplanes

[Curran, Cattani], [Esterov]

. converse is not true, not even in smooth case


